Numerical simulations of two-dimensional granular flows under uniform mean shear and external body torque were performed following the setting of the authors' previous study [10] . Convergence of the stresses with the increase of coarse-graining length is investigated. Difference R between vorticity field and spin field is controlled by the external torque and the stresses for the region R > 0 is obtained as well as those for R < 0. The symmetry of the stresses under the change of the sign of R is discussed.
Introduction
Systems of granular particles behave like a fluid under some conditions. One way to treat the situation is to employ a continuum model. For low density case, the model has been developed based on the kinetic theory [1] [2] [3] [4] [5] [6] [7] [8] . In regard to high density case, a continuum model is proposed by Kanatani [9] , for example. See Ref. [10] for a brief review on these theories. In order to incorporate detailed structures of granular particles to the macroscopic continuum model, some theories based on the kinetic theories and Kanatani's theory employ the micropolar fluid model [11, 12] , namely the fluid equipped with the inertia spin degree of freedom.
In our previous study [10] , which will be referred to as * E-mail: yoshida.kyo.fu@u.tsukuba.ac.jp TYA, we investigated the constitutive equations of granular flows as a micropolar fluid for the cases that the spin field is not subordinate to the vorticity field by means of numerical simulations. In the simulation, the uniform mean shear field was realized and the difference between spin field and the vorticity field was controlled by external torque applied to each particle. The results from the simulations were compared with the kinetic theory by Lun [7] and Kanatani's theory [9] . In this paper, with the same setting of the simulation as TYA, we investigate two points that were not dealt in TYA. The first point is the convergence of the measured stresses with respect to the increase of the coarse-graining scale. In order that the continuum model can be justified, the typical scale of macroscopic collective motions must be well separated from the typical scale of microscopic fluctuations. The macroscopic fields such as the velocity field and the spin field are defined by the average of the corresponding quantities over the domain with a certain coarse-graining scale. When the scales of collective motions and fluctuations are well separated, fluctuation in the coarsegrained field decrease with the increase of the coarsegraining scale and the fluctuation can be neglected, while the collective motions are resolved, at some intermediate scale which is well separated from the both scales. Negligibility of the fluctuation is necessary to determine the one to one relation between the strain rate and the stress, that is the constitutive equation.
The second point is on the symmetry of the constitutive equation. The constitutive equation depends on the difference between the spin field and the vorticity field R (see later for the definition). In TYA, only R < 0 is investigated. There is no intrinsic symmetry in the system for the change of the sign of R. Hence, the constitutive equation for R > 0 can differ from that obtained in R < 0. In this paper, we performed the simulations for R > 0 as well as R < 0 and investigate the symmetry of the constitutive equations.
This paper is organized as follows. In Section 2, the micropolar fluid theory is briefly reviewed. In Section 3, the set up of the numerical simulation is given. Dependence of stresses on the coarse-graining scale is given in Section 4. The symmetry of the constitutive equation is discussed in Section 5.
Micropolar fluid theory
In addition to the density field ρ(x, t) and the velocity field v i (x, t) in ordinary fluids, a new polar degree of freedom is introduced in micropolar fluids. Here, we consider the spin field ω ji (x, t), a skew-symmetric tensor field whose (j, i)-th component gives the angular velocity in the (j, i) coordinate plane of the interior system at the position x and the time t. The equations of motions for these fields are given by
where D/Dt = ∂/∂t + v i ∂ i , ρ I is the moment of inertia density field, σ ji the stress tensor, λ kji the couple-stress tensor, b i the external body force and θ ji the external body torque. Here and hereafter, summations are taken over repeated subscripts and we employ the notations,
for an arbitrary tensor T ji . Here, d is the dimension of the space. Equations (1)- (4) correspond, respectively, to the conservation laws of mass, moment of inertia, momentum and angular momentum. Let us introduce the generalized strain-rate fields by
When σ ji and λ kji are written as functions of (E ji , R ji , Ω kji ), then Equations (1)- (4) are closed. The equations which express the stresses σ ji and λ kji in terms of (E ji , R ji , Ω kji ) are called constitutive equations.
Set up of the numerical simulations
The numerical simulations of a system of granular particles are performed using a distinct element method (DEM). In DEM, the forces applied on each particles through contacts with the other particles are calculated at each time step, and the equations of the motions are solved by a difference method.
In the present study, we followed TYA for the basic setting of the numerical simulations. The dimension of the space is 2. All the particles are disks with the same radius a and the same mass m. The moment of inertia I is given by I = ma 2 /2 by assuming the uniform distribution of the mass inside the disk. Contact force F in the radial direction is repulsive and the amplitude is proportional to the overlap length l, that is F = κl where κ is the force constant. The frictional force with amplitude µF , µ is the kinetic friction coefficient, is applied at the contacting points in the direction to reduce the velocity difference between the two surfaces. For simplicity, the static friction is not included in the model. Let N be the number of the particles and L be the size of the square domain in both x-and y-directions in the Cartesian coordinate system. The volume fraction ν is given by ν = Nπa 2 /L 2 . We employ the Lees-Edwards periodic boundary condition,
where c i (x, t) is the velocity of a particle at position x and time t, andΓ is a constant. The external torque,
constant in time, is applied to every particle.
The macroscopic fields such as the density fieldρ(x, t), the velocity fieldv i (x, t) and the spin fieldω ji (x, t) are defined by the spatial average,
where c
and w
are, respectively, the velocity and the spin of the particle labeled by α, N ∆ := ∑ α 1 and ∑ α denotes the summation over the particles such that the coordinate of the center of the particle {x
The coarse-grained fields ρ(x, t), v i (x, t) and ω ji (x, t) with coarse-graining length scale ℓ and coarse-graining time scale τ is obtained by
The spatial derivatives of the coarse-grained fields are defined by the central difference,
for example. The stress fieldσ ji (x, t) is defined bŷ
whereσ (k) andσ (c) are due to kinetic and contact contributions, respectively. In (13),
is the fluctuation of the velocity of the particle labeled by α from the mean velocity field whose spatial derivative is assumed to be constant in the domain x − ℓ/2 ≤ x (α) < x +ℓ/2 and y−ℓ/2 ≤ y (α) < y+ℓ/2. The summation ∑ α is taken over the particles in the domain. In (14), F α→β i is the contacting force applied to the particle β by the particle α and the summation ∑ α,β is taken over the contacting pairs with {α, β} such that x
We introduce the notations,
for the components of the tensors of our interest. The symmetric part of the stress σ + (x, t) can be divided into the sum of contributions due to kinematic and contact, i.e.,
The parameters L,Γ and ∆t are fixed to
throughout this paper, unless otherwise stated. Here, ∆t is the time step in the difference method and t col = (m/κ) 1/2 is the typical time scale of the collision. The volume fraction ν is controlled by changing N. The parameter ν is varied within the range 0.1 ≤ ν ≤ 0.8 and the cases for both ends, ν = 0.1 and ν = 0.8, are studied in detail. The kinetic friction coefficient µ is set to µ = 0.3. The parameter R, which describes the difference between the vorticity field ∂ [j v i] and the spin field ω ji , is controlled by changing the external body torqueθ applied to every particle. Whenθ = 0, the spin field is subordinate to the vorticity field, that is R = 0, on average. We observe R > 0 (R < 0) forθ < 0 (θ > 0) on average as naturally expected from (6), (9) and (16). It was found in TYA that the granular flows at present situation are consistent with the kinetic theory for a low density as ν = 0.1. It was also found that, for relatively dense density ν = 0.7 − 0.8, neither the theory based on kinetic theory nor Kanatani's theory is adequate.
Dependence of the stress on the coarse-graining scale
Let us divide the whole square domain with sides of length L into p 2 square domains with sides of length ℓ = L/p. graining length scales ℓ and ℓ ′ , then ⟨σ
+ ⟩ is also identical for the two length scales ℓ and ℓ ′ . Therefore, the dependence of σ (k) + on ℓ implies that the coarse-grained velocity fieldv i (x, t) depends significantly on ℓ up to ℓ = L, that is, the fluctuation reaches the system length scale L and the scales of mean flow and fluctuation are not well separated. However, as is also shown in Figure 1 , the kinematic contribution to the stress is small compared to the contact contribution for the dense case as ν = 0.8. Therefore, the mean of the total symmetric stress ⟨σ + ⟩ depends weakly on ℓ. The dependence of the standard deviations of the stresses,
− ), on the coarsegraining scale ℓ is given in Figure 2 . Conditions for ν, µ,Γ and ⟨R⟩ are same as those in Figure 1 . For low density ν = 0.1, all the deviations ∆σ is related to the field R which involves the spin field ω ji . Therefore, the shortness of the correlation length of σ
suggests that the particles are spinning quite freely even in a dense configuration as ν = 0.8.
Constitutive equations
Means of coarse-grained stresses ⟨σ 
are fitted to the data to minimize Table 1 are used for simplicity. (7) 16.6 6.9 28.8 0.7 1.0 The fitted parameters are listed in Table 1 together with χ 2 .
When the errors in Y i = ⟨σ − of ν = 0.7 and 0.8, one can see from Figure 3 that the fitted functions represent the rough structures of the constitutive equations. The largeness of χ 2 may be due to the smallness of the estimate of ∆. The coefficients of the higher order terms in (R/Γ), namely A i , B i (i ≥ 3) and C i (i ≥ 2), are necessary to obtain the overall fits to the data. However, the magnitude of the coefficients are substantially smaller than |A 2 |, |B 2 | or |C 1 |. This implies that the higher order terms can be neglected for |R/Γ| < ∼ 1.
Due to the boundary conditions (7) and (8), we have
implies that the particles are spinning faster (more slowly) than the surrounding collective rotation in average. Although the particle system is invariant under the mirror transformation {x → −x, y → y,Γ → −Γ, R → −R}, the system is not invariant under the transform {Γ →Γ, R → −R}. Thus, symmetry or anti-symmetry of stresses ⟨σ ± ⟩ under the change of the sign of R/Γ is not guaranteed from the intrinsic symmetry of the system. Actually, ⟨σ 
The ensemble mean of the coarse-grained temperature ⟨T t ⟩ is given as a function of R in Figure 4 . Function of the form
is fitted to the data and the parameters are given in Table  2 . − , Note that |D 1 | ≃ |D 2 | for ν = 0.1. It implies that the deviation from the symmetric function is significant. The direction of the deviation, D 1 < 0, is consistent with the explanation given above. For high density such as ν = 0.7 and 0.8, we have |D 1 | < |D 2 | which implies that the temperature T t is nearly symmetric in R/Γ at least for |R/Γ| < ∼ 1. It is suggested that the transmission of energy from the spinning energy to translational energy for R < 0 becomes less effective as the system becomes denser. Consequently, as one can see in Figure 3 , stresses σ − is almost anti-symmetric in R/Γ at least for |R/Γ| < ∼ 1.
Discussion
As we have seen in Section 4, all the deviations ∆σ − decreases with the increase of the coarse-graining scale. The correlation length of stresses seems to be smaller than or of the same order as the system size L in the present simulation. Thus, it seems that the application of micropolar fluid model to the granular flows in the present parameter regime is appropriate when L is somewhat larger than that given in (17). In Section 5, we found an interesting asymmetry σ + (|R/Γ|) for low density ν = 0.1. The asymmetry may be attributed to the asymmetry in the translational temperature T t . It is also found that the asymmetry becomes small for high density ν = 0.7 and ν = 0.8. Note that the simulation results restricted to R < 0 were compared to the kinetic theory by Lun [7] for low density ν = 0.1 − 0.7 and Kanatani's theory [9] for high density ν = 0.8 in TYA. Essential consequences of TYA can be applied to the region R > 0 with small change. The kinetic theory is in a good agreement with the simulation results regarding the constitutive equations for low density ν = 0.1 beside the small asymmetry with respect to R. The quality of the agreement becomes lower as ν increases. However the agreement is fairly good up to a relatively high density ν = 0.7. The constitutive equations for a high density ν = 0.8 can not be explained by the kinetic theory nor the Kanatani's theory. A new physical description that is different from those of the kinetic theory or Kanatani's theory is required.
In addition to the above consequences, the results from the present simulations suggest the necessity of an model that explains the asymmetry in T t for the low density regime. The model would be incorporated into kinetic theories to explain the constitutive equations for the low density regime. The asymmetry diminishes in the higher density regime ν ∼ 0.8 and the constitutive equations reduces to forms (18)- (20) with A 1 = B 1 = C 0 = 0. Furthermore, it is found that we can neglect A i , B i (i ≥ 3) and C i (i ≥ 2) for |R/Γ| < ∼ 1. These simple forms of the constitutive equations are quite different from those of Kanatani's theory (see TYA for the details). The simple form of the constitutive equations tempts us to draw a simple physical description. As discussed in TYA, one candidate of the description is to model the collective motions of stuck particles in the dense regime by a kinetic theory of virtual particles with renormalized mass, radius, coefficient of restitution and coefficient of roughness. The model would yield the constitutive equations with the simple form as noted above. However, the method of renormalizing the physical quantities are yet to be determined. Surely the correlation length ξ discussed in Section 4 would give information for the renormalized radius. Further consideration would be a subject of future study.
